f

K:o

Sec 15.6 Triple Integrals

DEF: Let f(z,y,z) be a continuous function on the solid region

E={(z,y,2):

(az,y) €R, ul(l‘ay) Sz< u2($7y)}

We define the triple integral of f(x,y, z) over E by:

F(r,y,2) AV = S ey 2) de
o = u1(z,y)

N
>
N

ca Y

.7.1.’-“.(3)!/

’(V

xl‘

dA

Important: Due to Fubini’s theorem, this triple integral can be written in 6 distinct forms.

Ex1.
6z 4+ 3y + 2z = 6.

(a) Draw the solid region FE.

Let E be the solid tetrahedron bounded by the four planes x = 0, y = 0, z = 0 and

nYy 2 =6
9\ 2y 2® ok HR g
=6 exr z + A=
6)(*"3}/1‘2'7' L/mg-l-)” v  3x
i >X ” 7
(b) Rewrite the integral / / f(z,y,2) dzdydx in the order dy dz dz.
wx_ E d! C'KAX
Befdom SQV‘FH.C,Q.' Z=0 {BQ‘}‘.‘“‘ 3‘4"-&“ y g-ﬁw—?-x
Z Top seurfece -1 = 6~ 6x -3)/ Y Top sarfat ye S
-ax a-ox-3 2 s;x c-CK 23
2 3
f / f(x/” i-) di d)’ AX / / f f(x Yo j\) J/ dxdx
y=e o J 26 X y=0













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex2. Rewrite the following integral using the order of integration dy dz dx

1 0 py?
/ / / 22 dzdy dz.
o J-1Jo
What is the value of the integral?

qug 64 Xe / :
) V7 -\e ys°
r ) O& <Ly
s ety

7 ;M :W

\Y

Y

Boftow surface: y='l (p("-“l-)
ijed-rem outs tHae XZ-P’NM. Bouu’s 'Qv/{ . avaclgoli e

Top sarfece: y= J—Z (fyliudw)
112‘3(5“

Xz20 A=l

L \ ‘{i

[ ] Aadet

420 o=l sce e poefectron
o-«l'o fe ,\'x-plqu.
~{x VE JZ % %2
LY C) 2] =z - +x
Twseri [ 274y = 2| - L (17 = F
-1 y=-1

Z=(
% 8
L g 2 -1, 2
M;J“C:L’z/z"x dx = (7/2_ i s ),zzo

l
(3 +3)- () 7

L l
I

t
! _‘- 3 l
Outev! Lzl A

2\

Se
/
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































/blolt=b"’~ ff‘dA"‘A'“" =+ R Jf Lo e Velwa of A

o R B F A= Ue (4, )
z=W(xy
DEF: The volume of a solid region F is defined by V(E) := 1dV. >

f{“z(KJV)M /J G y)dA [[Q (x v)-U Ui 1) A = f/C‘yll..(./W

| dx/ dA | &
;L"AYJ

Ex3. A solid 1n the ﬁrst octant is bounded by the planes r=0,y=0,z=0, z=06 and the
cylinder y = 9 — x2. Which of the following integrals represents the volume of the solid E?

6 (9—22) r/9—y 6 9 pVI9—y
(&) / ) / dz dy dz (c) / / / dx dydz
o Jo 0 o Jo Jo
3 9—a? [p9—22—y 3 K9—y) 6
(%) / / [ dz dy dx () / / / dzdy dz
o Jo Jo o Jo 0
%=6

&

LK/S /&rzq_xz_3x= °I-Y
dw.dy dx
bdﬁ-a...sw&ce. %= 0

Z {.\.QP sanlecs 4 =06
hon ou ke e Xy Pl

P

c‘/J\ y Y’ q_xl
—_ - 9 77
3 q"‘z (4 e | \rq:y
Volume = [ [ [ I dndydx Vslamee = f f / | dx dy dx
© o o (o] ) o
\ J
UJ&A M—dW&VS ‘“ m




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Sec 15.7 Triple Integrals in Cylindrical Coordinates

-

Equations:

Integration

de

* P(r,8,z) z

N —

! : r
t\u (r, 8,0) rdé 7|
dxdv (rde)

r=rcosf, y=rsinf, z==z.

formula: v

v W‘[‘w

_ &
/E// f(@,y,2) dVZ}![Zf(TCOSH,TSlnG,z) dz rdr df

Ex1. Convert the integral

1 V1i—z2 Yy
/ / / (2% 4+ 9?) dz dy dx
-1Jo 0

to an equivalent integral in cylindrical coordinates and evaluate the result.

1 ¢ex & |
Nt o¢ys {ixt
L=y 1
OLA LYy
D
/ ' -1 ! X
7 7
' Y
]

xR

1‘1«»0.\4)

I:

=)

potan surf 1 X0 (Xy -plare)
4 {.}Qr surfuce @ A =)y =>[;.’= V‘s"”67

O I
V,SI wo ve W&w 12
1

f [ J"’ ¢ andr do
e,uo\‘uwk ">E,§—-]

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex2. Set up the integral for evaluating

Jjf -

in cylindrical coordinates, where F is the circular solid cylinder whose base is the circle z? +1% = 2y
in the xy-plane and whose top lies in the plane z =4 — y.

(! ’
q‘\ 2 % ‘L-—'Z
XEYy ~ Y . :7_520\6
N NS " orraavsive 2V
PE : 5
] — < ] X
b 4 C

Bowedk T2 % Ap acu-y 5 [224- e8]

(=)
o

yR U

tleu, U
S|
fo) o

Y~vsino

Lav Aj.dr(*e
























































































































































































































































































































































































































































































































































































































































































































































































































w5= a5y, %26

Ex3. Let E be the solid region bounded below by the cone z = y/22+ 32 and above by the
paraboloid z = 2 — 22 — 2. Set up a triple integral in cylindrical coordinates that gives the volume
of E.

Tuberseetun o 2 o2 -x*-y* qud ‘A’-JX"—;y"
\’\’\/ w
A= a-p? L=wn

=) 2-r*s

?DV"ic-v--z EXN

= ( r+2)(r <) =0

[l o g
























































































































































































































































































































































































































































































































































































































































































































































































































































































Sec 15.8 SPHERICAL COORDINATES

Let P be a 3-dimensional point with coordinates
(z,y,2). The quantity p represents the distance from
the point P to the origin. In cartesian coordinates:

p= (x2+y2—|—22)1/2

The point @Q represents the shadow of the point P on
the xy-plane. So @ is the 2-dimensional point (z,y)
and the blue segment P(Q has length equal to z. Thus

\&

Z = pcos¢

where ¢ is the angle from the positive z-axis to the red
segment OP.

This leads us to

N

9,
r f
y =’
> \€ =
[ > .
rcos

The angle 6 is the angle from the positive x-axis to the green segment OQ. So the pair (r,6)
represents the polar coordinates of the point ). Since r = psin ¢ we obtain the following equations:
T = psin¢cosf
y = psin¢sinf
Z = pcoso

The generic bounds for 8 and ¢ are 0 < 6 < 27 and 0 < ¢ < 7, and the spherical coordinates of P
are (p,0,¢).



P, e, ¢)

Ex1 The point (4, 7/4,7/3) is given in spherical coordinates. Plot the point and find its rectangular

coordinates. ) 5/? - (—q’) e C%.r) g
= psin(pIsm(e) =1sin (%) sm(™4)=
x;/o.sih CNS“d(e)"-lsiq (%C) cod (;-7 =

Tu wu}“"‘;ﬁ“/am wwl.s-' (

Ex2 The point (v/3, —1,24/3) is given in rectangular coordinates. Find spherical coordinates for
is poi 2 2 ,% 2 L el
L S sy

e
) A=pess = m¢z/§ =%_;f§=?s »>¢-T

. . Vs T
<)X ,/ostu(,qS)cuCOJ 2 ma:/o‘ths:q% =z > = 27r-g
; kertal coords (4 02 T
z;‘/ visaf e In of ‘e ‘¢
Ex3 Write in spherical coordinates the equations of the following surfaces:
a) Sphere: 22 + y? + 22 =z, /l\x "2..'_}/?--_1i (,1‘%)2-: |/,1
P>z peesd |
0= ¢ Iz
/ 4
4
b) Cylinder: 22 + y? = 4. 2 N
. - A Y<) =) Z
gpsmtﬁ cméz) 4-(/: '\adidc) ec»)?e 4'.‘{4 1\ oc 6 <
,o"shnl¢ R e ‘ divg DO
2 2 =q ) "’7 (g
1y (cod © 451 8) ™~
F S .- - SIM¢ =2 i y
/o"sth 6=y V /:—d
g4
c) Cone: z = /2% +y>. M~
= , 2ent '
pord = losmé TX 04?4%
,oap&é:-f)c‘n¢ ‘ Sing > ©
j= 9% fan cos ¢ > °

Cos @ »cp__%r' / 9
V4

d) TO DO. Cone: z = /322 + 3y2 ]
’ /
-m
D ¢=-6—






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Triple Integrals in Spherical Coordinates

Integration formula:

///f“/’ ) dV = ///fwb, p*sing dp d¢ df

p¢9

where f(p, ¢,0) = f(psin ¢ cos, psin ¢sin 6, pcos ¢).

psinpdo  dp 4
/ﬁ"‘ \
6 L7
'h_\\ %f ,--?"_
Add - r- - 2 . |
e R dV = p® sin ¢ dp df do

Ex1. Set up a triple integral i 1n spherlcal coordinates to compute the volume of the solid region
bounded above by the sphere 2 4y + 22 = z and below by the cone z = \/x2 + y2. Also, evaluate

the integral. Answer: /8. cvoss —seNon C}’"\ _plqu) re ‘efbon  oule Xy -;0 Gor
4 s 1, ’l\y

A-y"
\1'(/ Cf‘wu /?‘j/
. =

x\

>y p I 2 l
¢ ocde ™ [eze=27]
x ——
» {L"ﬁf’: IR jmcp
Volume jjj \aV = [ / /  praingdpde do

P T ) ¢

2 T,
/ q[fb‘“\(#] d¢ de
A <=

j/i’ c;"’gf“.smgsdg de
° LT

\}

o










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex2. Let E be the solid region in the first octant that lies between the spheres p = 2 and p =4

and above the cone ¢ = /3. Evaluate
/// zyz dV
E

( —\
X

[ospez]

euters F‘
/0 {(e,awe,s

o P
///KYI d\V 2 /73/(psiu¢m6)(:/ost‘h¢uqe)09¢as¢) fls’.“ld o(powde
E

/ﬁg[ J (/’/(sua ¢coo¢)(Cc.>¢$m¢) dp d¢ de

Uw g/)(j sith e J¢)(J 28 50 o)

r')("“"“‘/ J(2=0]%)

(2%-0() ,) _3

-

4

\

=

2
2







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Application of Triple Integrals

3D-Mass, Moments and Center of Mass

All the applications of double integrals can be immediately extended to triple integrals. For exam-
ple, if the density function of a solid object that occupies the region E is d(x,y, z) in units of mass
per unit volume, at any given point (x,y, z), then its mass is

m:///é(:z:,y,z) dV
E

and its moment about the three coordinate planes are

Myz:/E//l"CS(anyaz) dv, szZ/E//y-é(:n,y,z) av
sz:/E//z-é(x,y,z) av

The center of mass is located at the point (Z,y, zZ) where

M, M. M,
r=—=, y=—", z=
m m m

Ex3. Find the center of mass of the upper solid hemisphere of radius a centered at the origin if
the density at any point is proportional to i its distance from the base.

ny sl AR dowsihy, : § gy n)= K 2 (ke -coushud)
P A N e
hY we wat X 7,7)=(0 0, M/:)
€ = )
4
k Y
) o G o a IC’IT'Q
Ao do = .
o) mass:// (Mf‘y)ow=/ / jK(prQS)F Zsing al/D @
o ‘0 %
E k(e

j “(pend) (kpon 8) pising dpdf de= =

o\

N M,;),f-'jjf(x)(o‘w)‘}'/d()
E
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































